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Abstrat
We apply the see-saw mehanism and a SO(10) model to neutrino masses and mixing in
order to estimate the heavy Majorana masses. We disuss shortly the deay modes of heavy
Majorana neutrinos and alulate their ontribution to the lepton number violating proesses
µ→ eγ, τ → µγ and τ → eγ.
1 Introdution
The Standard Model fermioni elds do not inlude the right-handed neutrino eld and so
it is impossible to have a Dira mass term for this partile provided it is not introdued ad
ho. In this ase we will have the following lagrangian mass term: L = fνlLνRφ+ h.c.→
mDνLνR + h.c. , where mD =
1√
2
vfν is the Dira mass. To have a neutrino mass of order of
eV we should have a Yukawa oupling fν ∼ 10
−11
whih seems very unlikely.
The best explanation of the lightness of neutrino omes from the see-saw mehanism
[4℄.This mehanism works in a natural way in the framework of grand uniation theories
suh as SO(10) but also in the Standard Model, if we inlude a right-handed neutrino
eld. The mehanism is based on three simple hypotheses, motivated in the granduniation
model: 1) a zero Majorana mass for left-handed neutrinos (mL ≃ 0), 2) the neutrino Dira
mass should be omparable to the harged fermion masses (mD ≃ m
f
) and 3) the Majorana
mass of νR should be muh larger than the Dira ones (mR ≃ M ≫ mD). In this way the
lagrangian mass terms, in the one generation ase, will be:
LD+M = −mDνRνL−
1
2
mRνRν
c
R+h.c. = −m
fνRνL−
1
2
MνRν
c
R+h.c. = −
1
2
ncLMnL+h.c. (1)
with:
M ≡
(
0 mf
mf M
)
(2)
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The eigenvalues of this mass matrix will be the neutrino masses:
m1 ≃ −
(mf )2
M
≪ mf m2 ≃M (3)
obtaining a very low mass, whih would explain the lightness of neutrino, and a very high
mass, for a superheavy neutrino.
In the three generations ase we will have a 6× 6 mass matrix:
M =
(
0 MTD
MD MR
)
(4)
where MD and MR are 3 × 3 matrixes (MR is also symmetri). We may blok diagonalize
M by a unitary trasformation [5℄, obtaining the 3 × 3 mass matrixes for light and heavy
neutrinos [6, 2℄:
Mlight ≃ −M
T
DM
−1
R MD (5)
Mheavy ≃ MR (6)
Thus heavy neutrino masses are the eigenvalues of the right-handed Majorana mass matrix.
2 Mixing of quarks and leptons in SO(10)
The mixing of fermions derives from the fat that the mass matrix is not diagonal and so
the weak eigenstates are dierent from the mass eigenstates. In the quark setor the mass
matrixes of up quarks Mu and of down quarks Md may be diagonalized by a biunitary
transformation:
L†uMuRu = M
diag
u
L
†
dMdRd = M
diag
d (7)
and thus the Cabibbo-Kobayashi-Maskawa matrix is:
K = L†uLd (8)
and the mixing of quarks is: 
 d
′
s′
b′

 = K

 ds
b

 (9)
where the weak eigenstates are labelled by
′
. In the same way, in the leptoni setor we have:
L†νMνRν = M
diag
ν
L
†
lMlRl = M
diag
l (10)
whereMν is the mass matrix of light neutrinos andMl is the mass matrix of harged leptons;
the mixing matrix of neutrinos is:
U † = L†νLl (11)
2
and thus we obtain: 
 νeνµ
ντ

 = U

 ν1ν2
ν3

 (12)
The problem is that it is the 6×6 mass matrix (4) that should be diagonalized not the mass
matrix of light neutrinos. Yet it an be shown [8℄ that the same result is ahieved if we
onsider the 3× 3 mass matrix of light neutrinos.
The 16 left-handed elds of one generation of fermions transforms like a 16-omponent
SO(10) spinor. The produt 16⊗ 16 = 10⊕ 120⊕ 126 leaves open the possibility for a 10-, a
120- or a 126-Higgs multiplet. The only SU(5) singlet is ontained in 126 and leads to a very
large Majorana mass for νR. Therefore we exlude the possibility of SU(2) doublet Higgs
ontained in 126 and limit our hoie, for simpliity, to the Higgs mesons of representation
10.
In the SO(10) model [9, 10, 11℄, using a Higgs deuplet, we obtain symmetri mass matrix
andMd =Ml andMu =MD, whereMd andMu are the mass matrix of down and up quarks,
Ml the mass matrix of harged leptons andMD the Dira mass matrix of neutrino [12, 13, 14℄.
Thus the mass matrix of light neutrino will beMν =MuM
−1
R Mu. As a onsequene we obtain
Ll = Ld and for the matrix Lν we an write:
Mν = MuM
−1
R Mu
= LuM
diag
u R
†
uM
−1
R LuM
diag
u R
†
u (13)
Dening M1 = M
diag
u R
†
uM
−1
R LuM
diag
u and alling A and A1 the matrixes whih diagonalize
it, we obtain:
Mν = LuM1R
†
u
= LuAM
diag
ν A
†
1R
†
u (14)
Mν = LνM
diag
ν R
†
ν (15)
Thus we may assume:
Lν = LuA L
†
ν = A
†L†u (16)
and so:
U † = A†L†uLl = A
†K (17)
We think the importane of Majorana mass matrix of right-handed neutrinos is worth being
stressed and onsequently of the heavy Majorana neutrinos. As a matter of fat, in their
absene the see-saw mehanism annot be used and besides having equality between neu-
trino and quark masses, we obtain equality between their mixing, whih is experimentally
unaeptable.
Moreover, equation (17) an show that the quadrati and linear see-saw models [7℄ are not
orret [8℄. In the quadrati see-saw the Majorana mass matrix of right-handed neutrinos is
taken as proportional to the identity matrix and all the heavy neutrinos have the same mass.
In this ase we an see that the matrix A is equal to the identity matrix and therefore, even
if we an use the see-saw mehanism, we obtain that the mixing of quarks and neutrinos is
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the same. Thus we an say that not all the heavy neutrinos have the same mass and that
the quadrati see-saw is not orret. Likewise it is possible to see that also the linear see-saw
is not orret, so the Majorana mass matrix of right-handed neutrinos is dierent from the
mass matrix of up quarks.
3 Masses of heavy Majorana neutrinos
In this setion we are going to try to nd a form for the mass matrix of the heavy Majorana
neutrinos (MR) and onsequently an estimate of their masses.
From eq. (6),(13) and (14) we obtain (assuming Mu and MR real matrixes and remem-
bering they are simmetri):
Mheavy ≃ MR = LuM
diag
u AM
diag−1
ν A
†Mdiagu R
†
u (18)
The problem is that we do not know the form of Lu, Ru and A. But if we assume K ≃ I
and Lu ≃ Ru ≃ I [15℄ we have A ≃ U :
Mheavy =M
diag
u UM
diag−1
ν U
†Mdiagu (19)
The form of neutrino mixing matrix depends on the kind of solution of solar neutrinos. In
this work we onsider LMA-solution, VO-solution and SMA-solution. For the LMA-solution
(∆m212 ≃ 3 · 10
−5 eV 2) and the VO-solution (∆m212 ≃ 4 · 10
−10 eV 2) we assume the following
neutrino mixing matrix form:
U ≃


1√
2
1√
2
0
−1
2
1
2
1√
2
1
2
−1
2
1√
2

 (20)
Mheavy =


m2
u
2
(
1
m1
+ 1
m2
)
mumc
2
√
2
(
1
m1
− 1
m2
)
mumt
2
√
2
(
1
m2
− 1
m1
)
mumc
2
√
2
(
1
m1
− 1
m2
)
m2
c
4
(
1
m1
+ 1
m2
+ 2
m3
)
mcmt
4
(
2
m3
− 1
m1
− 1
m2
)
mumt
2
√
2
(
1
m2
− 1
m1
)
mcmt
4
(
2
m3
− 1
m1
− 1
m2
)
m2
t
4
(
1
m1
+ 1
m2
+ 2
m3
)

 (21)
For the SMA-solution (∆m212 ≃ 5 · 10
−6 eV 2) we assume, instead:
U ≃


1 0 0
0 1√
2
1√
2
0 − 1√
2
1√
2

 (22)
As a onsequene, resorting to (19), we have:
Mheavy =


m2
u
m1
0 0
0 m
2
c
2
(
1
m2
+ 1
m3
)
mcmt
2
(
1
m3
− 1
m2
)
0 mcmt
2
(
1
m3
− 1
m2
)
m2
t
2
(
1
m2
+ 1
m3
)

 (23)
The eigenvalues of these matrixes are the masses of heavy neutrinos. There is a problem: we
only know ∆m2ij from the analysis of solar and atmospheri neutrinos (∆m
2
13 ≃ 3 ·10
−3 eV 2);
thus we have to onsider the four possible relationships between the light neutrino masses
mi:
4
1. m1 ≪ m2 ≪ m3
2. m1 ≃ m2 ≪ m3
3. m1 ≃ m2 ≫ m3
4. m1 ≃ m2 ≃ m3 ≫ ∆m
2
13
By numerial alulation we obtain the results reported in table 1.
Table 1: Estimate of heavy neutrinos masses (all masses are in GeV)
Solutions Relations among mi M1 M2 M3
m1 ≪ m2 ≪ m3 3 · 10
6 6 · 1010 ≫ 1015
m1 ≃ m2 ≪ m3 2 · 10
5 − 2 · 106 4 · 1010 2 · 1014 − 2 · 1015
LMA
m1 ≃ m2 ≫ m3 2 · 10
5 5 · 1010 ≫ 2 · 1014
m1 ≃ m2 ≃ m3 ≫ 4 · 10
3 ≫ 4 · 109 ≫ 1013
m1 ≪ m2 ≪ m3 ≫ 4 · 10
6 6 · 1010 7 · 1015
m1 ≃ m2 ≪ m3 2 · 10
5 − 5 · 106 6 · 1010 6 · 1014 − 8 · 1015
SMA
m1 ≃ m2 ≫ m3 2 · 10
5 6 · 1010 ≫ 1014
m1 ≃ m2 ≃ m3 ≫ 4 · 10
3 ≫ 4 · 109 ≫ 1013
m1 ≪ m2 ≪ m3 9 · 10
8 5 · 1010 ≫ 3 · 1017
m1 ≃ m2 ≪ m3 2 · 10
5 − 5 · 108 6 · 1010 2 · 1014 − 5 · 1017
VO
m1 ≃ m2 ≫ m3 2 · 10
5 5 · 1010 ≫ 2 · 1014
m1 ≃ m2 ≃ m3 ≫ 4 · 10
3 ≫ 4 · 109 ≫ 1013
Only one of the heavy neutrino masses is of the order of magnitude of the sale of the
SU(5) × U(1) symmetry limit. This does not ontradit our assumptions: a demorati
mass matrix with all matrix elements of order ∼ 1015GeV would give two vanishing diagonal
masses and only one mass of order 1015GeV .
4 Radiative lepton number violating deays
Of all heavy neutrino deay modes, for example νLφ or e
−W+, the Higgs hannel should
dominate. We alulated [8℄ the deay rate for the proess N → e−W+ obtaining a lifetime
of order of 10−8s.
Sine the heavy neutrinos annot be produed in aelerators and their lifetime is so low,
it will be very diult to observe them, exept, indiretly, through their ontribution to
radiative proesses suh as the µ→ eγ deay.
The µ→ eγ, τ → µγ and τ → eγ deays violate lepton number onservation and are not
allowed in the standard model. The Majorana mass terms, violate lepton number and these
deays ould be allowed (gure 1).
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Figure 1: The one-loop diagram for the µ→ eγ deay
The neutrino weak eigenstates are a superposition of three light Majorana neutrinos and
three heavy Majorana neutrinos, thus the branhing ratios, alulated by Cheng and Li [16℄,
are:
B(µ→ eγ) =
Γ(µ→ eγ)
Γ(µ→ eνν)
=
3α
8pi
∣∣∣∣∣UµiUei
(
mi
Mi
)2∣∣∣∣∣
2
(24)
where mi are the neutrino Dira masses and Mi are the heavy neutrino masses. For our
values of heavy neutrino masses we get: B ≤ 10−30 for µ → eγ, muh smaller than the
present limit (B ≤ 10−11). The branhing ratios for the proesses τ → µγ and τ → eγ turn
out to be respetively B ≤ 10−30 and B ≤ 10−31.
5 Conlusion
After introduing the see-saw mehanism, we have analysed this mehanism assuming the
SO(10) model and that the Dira masses of fermions are generated by a Higgs deuplet.
Even if in this way we obtain the bad relationship Md = Ml we use it to estimate the
masses of heavy neutrinos. We have found that not all heavy Majorana neutrino masses
are equal and that their mass matrix an not be equal to that of up quarks. We tried to
estimate these masses, nding that, in most ases onsidered, they are: M1 = 10
5−106 GeV ,
M2 = 10
9 − 1010 GeV and M3 = 10
13 − 1016 GeV . We also alulated that their lifetime
is too short to be present in osmi rays and nally we analysed in whih way the heavy
neutrino an aet the µ → eγ deay (and τ → µγ, τ → eγ) estimating a rate whih is far
below the present limit.
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